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Unlike their Hermitian counterparts, non-Hermitian (NH) systems may display an exponential
sensitivity to boundary conditions and an extensive number of edge-localized states in systems with
open boundaries, a phenomena dubbed the “non-Hermitian skin effect.” The NH skin effect is one
of the primary challenges to defining a topological theory of NH Hamiltonians, as the sensitivity
to boundary conditions invalidates the traditional bulk-boundary correspondence. The NH skin
effect has recently been connected to the winding number, a topological invariant unique to NH
systems. In this paper, we extend the definition of the winding number to disordered NH systems
by generalizing established results on disordered Hermitian topological insulators. Our real-space
winding number is self-averaging, continuous as a function of the parameters in the problem, and
remains quantized even in the presence of strong disorder. We verify that our real-space formula
still predicts the NH skin effect, allowing for the possibility of predicting and observing the NH skin
effect in strongly disordered NH systems. As an application we apply our results to predict a NH
Anderson skin effect where a skin effect is developed as disorder is added to a clean system, and to
explain recent results in optical funnels.
INTRODUCTION
The topological classification of Hermitian
Hamiltonians[1–8] applies to non-interacting Hamil-
tonians in equivalence classes based on the ten internal
Altland-Zirnbauer (AZ) symmetry classes[9]. The
topological classifications for all of these symmetries
are known for all spatial dimensions, and explicit
forms for the corresponding topological invariants
have been constructed[4–8]. A notable feature of the
Hermitian topological classification is the celebrated
bulk-boundary correspondence, in which topological
invariants of the bulk system predict anomalous states
on the boundary[1–3].
There has been recent interest in the topological prop-
erties of non-Hermitian (NH) Hamiltonians[10–24]. NH
Hamiltonians provide effective models for quantum sys-
tems with gain and loss[25], and can be realized in
atomic[26–30], optical[21–24, 31–39], electronic[40, 41]
and mechanical[42–47] systems. Like their Hermitian
counterparts, NH Hamiltonians can display protected
anomalous boundary states[11, 12, 18]. In addition,
they display topological phenomena unique to NH sys-
tems, such as exceptional points[18, 48], half-integer
winding[18], stable 2D semimetallic phases[48–50], and
Weyl exceptional rings[26, 36]. All of these phenomena
are tied to a richer set of symmetry classes beyond the
ten AZ classes[49–52].
A primary challenge for developing a theory for the
topological phenomena of NH Hamiltonians is the NH
skin effect, in which systems may display remarkably dif-
ferent eigenspectra and eigenstates in periodic vs open
boundary conditions (PBC or OBC) [15, 53, 54]. In par-
ticular, PBC and OBC systems might become gapless at
different points in their phase diagrams[15, 19, 53–55],
and topologically protected edge states may be hidden
in an extensive number of edge-localized eigenstates. In
the presence of the NH skin effect, topological invariants
calculated using PBC may not predict properties of the
OBC system. Thus, a precise understanding of the NH
skin effect is necessary to develop a bulk-boundary cor-
respondence for NH systems. On the other hand, the
NH skin effect is also interesting in its own right, as
systems with the NH skin effect exhibit exponentially
large responses to perturbations[42, 45], and optical sys-
tems exhibiting the NH skin effect have recently been
demonstrated to funnel light for high-performance opti-
cal sensors[39].
While understanding the NH skin effect and its rela-
tionship to the bulk-boundary correspondence is still an
outstanding question in general dimensions, in 1D it has
recently been shown that the NH skin effect is deter-
mined by the winding number around a complex energy
E: w(E)[56, 57]. The winding number is a topological in-
variant unique to NH systems[14, 49] and, roughly speak-
ing, regions of the complex energy plane with nonzero
w(E) under PBC have dramatically different spectra un-
der OBC. Furthermore, the sign of w(E) determines the
edge on which an extensive number of states are localized.
Thus, determining the winding number w(E) provides a
criterion for the presence or absence of a NH skin effect
in the neighborhood around E.
In this work, we generalize the winding number w(E)
to disordered NH systems. We accomplish this by map-
ping the the NH problem to a disordered Hermitian sys-
tem, for which previous results have been established. As
a result we propose a real-space formula for w(E) that
is self-averaging, continuous as a function of the param-
eters in the problem, and remains quantized even in the
presence of strong disorder. We verify the stability of
our invariant in simple models of NH systems with non-
trivial winding. We also demonstrate that our invariant
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FIG. 1. An example of a NH band structure with +1 and −1
winding. (a) The PBC bands in the complex plane, with the
winding numbers marked. (b) The same diagram, with the
OBC spectrum overlaid. Red denotes states in a region with
w(E) > 0, blue denotes states in a region with w(E) < 0.
We see that the regions with positive/negative winding col-
lapse onto lines. (c) The density |ψn(x)|2 of OBC eigenstates.
TLH: What is the superscript n? We see that eigenstates
in regions with negative winding (blue) are localized at the
left edge, while eigenstates in regions with positive winding
(red) are localized at the right edge.
w(E) determines the existence of the NH skin effect and,
when non-vanishing, also predicts the existence of an en-
tire band of delocalized states in our system. Indeed, the
non-zero winding essentially protects these states from
localization, which is in striking contrast to disordered
1D Hermitian systems which are always localized (unless
tuned to a critical point)[58, 59].
We note that the NH skin effect has already
been observed in optical[38], electronic[40, 41], and
mechanical[42–44] systems, so our results can be exper-
imentally realized in multiple physical contexts. In ad-
dition, our results have positive implications for the sta-
bility of the recently demonstrated optical funnel[39] to
disorder. Finally, since our method holds at arbitrary
disorder strength, our results predict the possibility of
observing a “NH Anderson skin effect,” a NH analogue
of the topological Anderson insulator[58, 60–62], in which
the skin effect is induced entirely by disorder from a clean
system without a skin effect.
THE NON-HERMITIAN WINDING NUMBER
A translationally invariant NH Hamiltonian can be de-
composed by the usual Fourier transform Hˆ = ⊕kHˆk,
where Hˆk = e
ikXˆHˆe−ikXˆ and Xˆ is the position opera-
tor. As in the Hermitian case, the eigenstates of Hˆ can
be written as |ψnk 〉 = eikXˆ |unk 〉, with Hˆk|unk 〉 = Enk . Un-
like in the Hermitian case, however, the eigenvalues Enk
can in general be complex. Fig. 1(a) illustrates possible
curves Enk for a two band model. Because of the com-
plex eigenvalues, we can distinguish two types of gaps in
a NH spectrum. Point gaps are values E ∈ C such that
the bands Enk never intersect E, while line gaps are lines
` ⊂ C such that the bands never intersect `[14, 51]. These
gaps coincide for Hermitian systems, but are distinct for
NH systems.
For any point gap E, we can define a topological in-
variant w(E) that simply counts how many times the
bands Enk wind around E. This is a topological invariant
because w(E) cannot change unless the gap closes at the
base value E. We can write a formula for the winding
number[14]:
w(E) =
1
2pii
∫ 2pi
0
∂k log
(
|Hˆk − E|
)
dk. (1)
This formula counts the number of times the determinant
of (Hˆk − E) winds around the origin, which is equiva-
lent to counting the total winding of the bands Enk . The
winding numbers of different regions are indicated by the
integers in Fig. 1(a).
It has recently been proven that the winding number
predicts the NH skin effect[56, 57]. Concretely, when
transitioning between PBC and OBC, the PBC eigenval-
ues enclosing a region having winding w 6= 0 collapse onto
1D arcs within the region. An example is shown in Fig.
1(b), where the OBC eigenvalues appear in the interior
of the regions having w = ±1. Moreover Refs. [56, 57]
proved that the OBC eigenvalues located in the interior of
regions having w > 0 correspond to eigenstates localized
at the right edge of the system, and the OBC eigenvalues
located in the interior of regions where w < 0 correspond
to eigenstates localized at the left edge of the system,
as is shown in Fig. 1(c). The number of eigenvalues in
each arc is proportional to the system size, leading to
an extensive number of states at the corresponding edge.
The marked difference between OBC and PBC spectra
and the extensive number of edge states always occur to-
gether, and collectively make up the NH skin effect[15].
THE DISORDERED NON-HERMITIAN
WINDING NUMBER
Ref. 14 previously introduced a formula for the wind-
ing number in the presence of disorder. Adding a flux
φ through the periodic system, they define the winding
number to be
w(E) =
1
2pii
∫ 2pi
0
∂φ log
(
|Hˆ(φ)− E|
)
dφ. (2)
While this formula predicts a quantized invariant, it has
a few drawbacks. Most notably, it requires evaluating the
expression at a large number of φ points to estimate the
integral. In addition, it is not clear that this formula is
self-averaging for large systems. Finally, it is not obvious
that this formula is well-behaved at strong disorder when
eigenvalues will generically exist near E such that the
phase of |Hˆ(φ)− E| is sensitive to rounding errors.
3In this paper, we instead define a real-space formula
for the winding number w(E) for disordered systems us-
ing techniques from non-commutative geometry. Our for-
mula relies on mapping a NH Hamiltonian Hˆ to a doubled
Hermitian Hamiltonian Hˆ = σˆ+⊗(Hˆ−E)+σˆ−⊗(H−E)†
with chiral symmetry Sˆ = σˆz ⊗ 1[14], and applying
known results from non-commutative geometry to Hˆ
[58, 59, 63, 64]. Concretely, we define an operator Qˆ
by the polar decomposition (Hˆ − E) = QˆPˆ , where Qˆ is
unitary and Pˆ is positive. Refs. 14 and 65 have previ-
ously used Qˆ to define topological properties of clean NH
systems. In terms of Qˆ, we define
w(E) = T (Qˆ†[Qˆ, Xˆ]), (3)
where T is the trace per unit volume. This reduces to Eq.
1 when the system is translationally invariant. In addi-
tion, w(E) is quantized, self-averaging, continuous as a
function of E and parameters in the Hamiltonian, and
only changes when there are states with diverging local-
ization length Λ(E) at E. Furthermore, a semi-infinite
system has an eigenstate with eigenvalue E localized at
the boundary whenever w(E) 6= 0, which provides a jus-
tification of Eq. 3 as the real-space generalization of the
winding number (see Supplement for more details of the
proof).
HATANO-NELSON MODEL WITH DISORDER
To illustrate the properties of w(E) formula, we con-
sider a disordered Hatano-Nelson model [66–68]:
Hˆ =
∑
i
J iRcˆ
†
i+1cˆi + J
i
Lcˆ
†
i cˆi+1 + h
icˆ†i cˆi. (4)
This model describes a uniform chain with independent
hoppings J iL and J
i
R in the left and right directions, and
an on-site potential hi (which we take to be real). This
model is non-Hermitian when J iL 6= J iR. To model dis-
order we choose the hopping parameters independently
according to
J iR = JR+WRω
i
R, J
i
L = JL+WLω
i
L, h
i = Wωi, (5)
where ωi(L/R) ∈ [−.5, .5] are uniformly distributed ran-
dom variables.
We can test the behavior of w(E) in multiple ways.
First, if we consider the winding only around E = 0 and
set the onsite disorder W = 0, then we can use the result
of Ref. 58 to analytically compute the localization length
Λ(0):
1
Λ(0)
= log
 |JR − WR2 | JRWR− 12 |JL + WL2 | JLWL+ 12
|JR + WR2 |
JR
WR
+ 12 |JL − WL2 |
JL
WL
− 12
 . (6)
In Figs. 2(a,b), we plot the numerically computed w(0),
and the analytically predicted curves where Λ(0) = ∞,
.
FIG. 2. (a) w(0) as a function of (WR,WL) for (JL, JR,W ) =
(1, 1, 0). The black line denotes the points where Λ(0) di-
verges. (b) Same plot for (JL, JR,W ) = (1, .5, 0). (c,d) w(E)
as a function of (WR,WL) for (JL, JR,W ) = (1, 1, 1) and
(JL, JR,W ) = (1, .5, 1). (e,f) Numerically computed Λ(0). In
all cases, w(0) transitions when Λ(0) diverges.
as a function of the disorder parameters (WL,WR), at
fixed model parameters (a) (JL, JR,W ) = (1, 1, 0) and
(b) (JL, JR,W ) = (1, .5, 0). We find that w(0) is in-
deed quantized, and only changes when Λ(0) diverges. At
more general E and/or nonzero W , we can no longer ana-
lytically determine the phase boundaries. However, for a
general point (JR, JL,W ) and general E, we can compute
the localization length at E numerically using transfer
matrices[69]. In Figs. 2(c-f), we plot both w(0) and Λ(0)
for two systems with (c,e) (JL, JR,W ) = (1, 1, 1) and
(d,f) (JL, JR,W ) = (1, .5, 1). We again find that w(E) is
quantized and transitions only when Λ(E) diverges.
To illustrate the localization properties of the spec-
trum we can also consider a system at fixed disorder,
and calculate w(E) as a function of E. If we assume
(WL,WR) = 0 and let h
i follow a Cauchy distribu-
tion rather than the uniform distribution in Eq. 5, we
can compute Λ(E) analytically at any E[70, 71]; this is
shown in Fig. 3(a). For more general disorder configu-
rations, we can again use the transfer matrix; an exam-
ple with (JL, JR,WL,WR,W ) = (1., 5, 1, 1, 1) is shown
in Fig. 3(b,c). In both cases we find a region with non-
4vanishing winding completely surrounded by delocalized
states. These examples reveal a notable distinction be-
tween the NH winding number w(E) and Hermitian topo-
logical invariants such as the chiral winding number ν and
the Chern number C. Indeed, ν is a stable topological
invariant that is carried by entirely localized states[58],
while the Chern number can be carried by a single delo-
calized state in the spectrum[72–74]. The NH winding,
on the other hand, can be nonzero only when an exten-
sive number of delocalized states exist in the spectrum.
This is because w(E) doesn’t change under a continu-
ous change of E unless E passes through a delocalized
state, and w(E) → 0 as |E| → ∞ since in this limit Qˆ
approaches the identity matrix. This implies that any E
with a nonzero winding must be surrounded by a “wall”
of delocalized states, and the winding number prevents
these states from localizing. Intuitively, an extensive sen-
sitivity to boundary conditions should require an exten-
sive number of delocalized states, and this is precisely
what we find.
w(E) AND THE NH SKIN EFFECT
In clean systems, we know a region having winding
w > 0 leads to an extensive number of states at the right
edge of the system, and a region hiaving winding w < 0
leads to an extensive number of states at the left edge
of the system[56, 57]. We can characterize this NH skin
effect by examining the density
∑
n |ψn(x)|2 of all modes
in the system. If there is a NH skin effect, the density
at the corresponding edge should be proportional to the
system size N , ρedge = ΓN .
This behavior persists in the presence of disorder. For
the Hatano-Nelson model, there is only one region of
nonzero winding, centered at E = 0, so w(0) determines
the NH skin effect. In Fig. 4(a,b), we plot the wind-
ing w(0) as a function of WR for (a) (JL, JR,W,WL) =
(1, 1, 0, 0) and (b) (JL, JR,W,WL) = (1, .5, 1, 0). This
corresponds to the x-axis of Figs. 2(a) and (e). In Fig.
4(c,d) we plot the coefficient Γ for each edge. Any Γ > 0
indicates a NH skin effect. We see that, identical to the
clean case, the NH skin effect occurs at the left edge when
w < 0 and at the right edge when w > 0, and no skin
effect occurs when w = 0. More intricate models can
have regions with both w > 0 and w < 0, and thus have
a skin effect at both boundaries.
The connection between the NH skin effect and w(E)
allows us to predict a new phenomenon: the NH An-
derson skin effect, in which a system without a NH skin
effect develops a skin effect at a critical value of disor-
der. Such an effect can already be seen in Fig. 2c, in
which the system near (WL,WR) = (0, 0) has w(0) = 0
and thus no NH skin effect, but transitions to w(0) = ±1
at non-vanishing critical values of WL or WR (for exam-
ple, by just tuning one of WL or WR and keeping the
FIG. 3. (a) w(E) for a system with WL = WR = 0 and h
i dis-
tributed according to a Cauchy distribution. The black line
denotes the values where Λ(E) diverges. (b) w(E) for a sys-
tem with (JL, JR,WL,WR,W ) = (1., 5, 1, 1, 1). (c) Numeri-
cally computed λ(E). In each case, the region with w(E) 6= 0
is surrounded by a wall of delocalized states, and w(E) only
transitions when Λ(E) diverges.
FIG. 4. (a) w(0) as a function of WR for (JL, JR,W,WL) =
(1, 1, 0, 0). This corresponds to the x-axis in Fig. 2(a). (b)
The same for (JL, JR,W,WL) = (1, .5, 1, 0), corresponding to
the x-axis in Fig. 2(e). (c,d) The corresponding slopes Γ in
the relation ρedge = ΓN for the left (blue solid) and right
(right dashed) edges. We see that the NH skin effect occurs
at the left edge when w < 0 and at the right edge when w > 0.
5other zero). Such an effect should be readily observable
in experimental platforms[38, 40–44].
As an immediate application, the connection between
the NH skin effect and the winding number allows us to
understand the stability of the recently demonstrated op-
tical funnel based on the NH skin effect[39]. The optical
funnel is a NH optical system in which all eigenmodes
are localized at an interface; the effect of this localiza-
tion is to “funnel” all excitations (incident light) towards
the interface. It was noted that for weak disorder numer-
ics show weak funnelling still occurred, while at strong
disorder it disappeared. Our formalism allows us to di-
rectly predict this phenomena by computing w(E). In
the clean limit the entire PBC spectrum surrounds a
region with w(E) 6= 0, so that all OBC states are lo-
calized at the interface. As the disorder increases, the
region with w(E) 6= 0 shrinks, so that the number of
states localized at the interface decreases, leading to re-
duced funnelling. Finally, at a critical value of disorder,
w(E) = 0 everywhere and no funnelling occurs. Our for-
malism not only allows us to understand the stability of
the funnelling to weak disorder, but provides a method to
compute the critical value of disorder at which funnelling
breaks down.
DISCUSSION
In conclusion, we extended the definition of the NH
winding number w(E) to disordered systems by relating
it to the chiral winding number ν of a doubled Hermi-
tian system. Our extension of w(E) has several desirable
properties. It is quantized, self-averaging, continuous as
a function of parameters, and changes only when the lo-
calization length at E diverges. In addition, our w(E)
successfully predicts the NH skin effect in disordered sys-
tems just as it does for clean systems. We have seen that,
unlike Hermitian topological invariants, a nonzero w(E)
stabilizes an entire band of delocalized states in the re-
gion surrounding the nonzero w(E).
Our prediction of a NH skin effect in strongly disor-
dered systems, including the NH Anderson skin effect,
should be experimentally verifiable, as there already ex-
ist multiple metamaterial platforms that exhibit the NH
skin effect. In the future, it would be interesting to ex-
tend our results to higher dimensions, as the NH skin
effect is not fully understood in higher dimensions even
for clean systems.
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SUPPLEMENTAL MATERIAL
Derivation and properties of the winding number w(E)
In this section, we give a systematic derivation of our formula for the winding number w(E) in disordered systems
and prove it gives a robust topological invariant. For completeness, we reproduce the formula for the winding number
in clean systems below
w(E) =
1
2pii
∫ 2pi
0
∂k log
(
|Hˆk − E|
)
dk (S1)
Following Ref. 14, we relate w(E) to the topological invariant of a doubled Hermitian system Hˆ
Hˆ =
(
0 Hˆ − E
Hˆ† − E∗ 0
)
(S2)
By construction, Hˆ has a chiral symmetry Sˆ =
(
1 0
0 −1
)
satisfying {Sˆ, Hˆ} = 0. Translationally invariant 1D systems
with a chiral symmetry are classified by a chiral-symmetric winding number ν defined by
ν =
1
2pii
∫ 2pi
0
∂k log
(
|Sˆ+HˆkSˆ−|
)
dk (S3)
where Sˆ± is the projector onto the ±1 subspace of Sˆ. We see that Sˆ+HˆSˆ− = Hˆk − E, thus ν = w(E).
The chiral winding number ν can be generalized to disordered chiral-symmetric systems in terms of the projector
Pˆ onto the eigenstates with energy < 0[58, 59, 63]:
ν = T
{
Qˆ−+[Qˆ+−, Xˆ ]
}
, Qˆ ≡ 1− 2Pˆ, Qˆ±∓ = Sˆ±QˆSˆ∓. (S4)
8Refs. 59 and 63 proved that ν is quantized, self-averaging, and continuous with respect to parameters in Hˆ, provided
no delocalized eigenstate exists at E = 0. Therefore, it is a topological invariant that cannot change without a
mobility gap closing. Physically, ν predicts the number of zero-energy chiral edge modes in a half-infinte system with
boundary[63, 64]. If the half-infinite system extends to −∞, there are |ν| protected zero-energy edge modes with
chirality −sgn(ν), while if the half-infinite system extends to +∞ there are |ν| protected zero-energy edge modes with
chirality sgn(ν).
Generalizing the equality between ν and w(E) for clean systems, we postulate that the proper generalization of
w(E) to systems with disorder is simply w(E) = ν. As written, the formula for w(E) refers explicitly to an artificial
doubled Hamiltonian Hˆ, and the properties of w(E) are functions of Hˆ. In the following, we remedy this by giving an
explicit formula for w(E) in terms of the original Hamiltonian Hˆ, and translate the properties of w(E) to refer only
to the original Hamiltonian Hˆ.
First, we derive how to calculate w(E) quantity directly from Hˆ and E without reference to a doubled Hamiltonian.
This can be achieved using the polar decomposition (Hˆ−E) = QˆPˆ , where Qˆ is unitary and Pˆ is a positive Hermitian
matrix. We can then write Eq. S2 as
Hˆ =
(
0 QˆPˆ
Pˆ Qˆ† 0
)
. (S5)
If |ψi〉 is a complete basis of eigenstates of Pˆ with eigenvalues λi, then it is simple to show that the eigenvectors of Hˆ
are |Ψ±i 〉 = 1√2
(±Qˆ|ψi〉
|ψi〉
)
with eigenvalues λ±i . Then (Eq. S4) Qˆ can be written as
Qˆ = 1− 2
∑
i
|Ψ−i 〉〈Ψ−i | = 1−
∑
i
(
Qˆ|ψi〉〈ψi|Qˆ† −Qˆ|ψi〉〈ψi|
−|ψi〉〈ψi|Qˆ† |ψi〉〈ψi|
)
=
(
0 Qˆ
Q† 0
)
(S6)
Thus, we see that Qˆ+− = Qˆ, and Qˆ−+ = Qˆ†. Thus, our final formula for w(E) is given by
w(E) = T
{
Qˆ†[Qˆ, Xˆ]
}
(S7)
Next, we consider the quantization, self-averaging, and continuity of w(E). We know that ν is quantized, self-
averaging, and continuous with respect to parameters of Hˆ. From Eq. S2 for Hˆ, we see that this immediately implies
that w(E) is quantized, self-averaging, and continuous with respect to both E and parameters of Hˆ.
We can also get a physical interpretation of w(E) for our original Hamiltonian Hˆ. If w(E) > 0, then we know that
Hˆ has |w(E)| zero-energy edge modes of negative chirality for a half-infinite system that extends to −∞. Explicitly,
we have (
0 Hˆ − E
Hˆ† − E∗ 0
)(
0
|ψ〉
)
=
(
(Hˆ − E)|ψ〉
0
)
=
(
0
0
)
(S8)
which says that |ψ〉 is an edge eigenstate with energy E in the half-infinite system. Similarly, if w(E) < 0, then
we know that Hˆ has |w(E)| zero-energy edge modes of negative chirality for a half-infinite system that extends to
+∞. We again find that if we write
(
0
|ψ〉
)
for the zero-energy edge mode of Hˆ, then |ψ〉 is an edge eigenstate
with energy E. In total, we find that positive winding numbers predict protected edge-localized eigenstates on a
semi-infinite system extending to −∞, and negative winding numbers predict protected edge-localized eigenstates on
a semi-infinite system extending to +∞. The connection between w(E) and the presence of protected edge-localized
eigenstates justifies our Eq. S7 as the proper generalization of the winding number to disordered systems. Note that
our discussion has focused on right eigenstates; the same logic predicts protected left edge eigenstates at energy E
for w(E) of the opposite sign.
Finally, we consider when w(E) can transition. We know that ν can only change when Hˆ has a delocalized eigenstate
at E = 0. Writing this condition out as(
0 Hˆ − E
Hˆ† − E∗ 0
)(|ψL〉
|ψR〉
)
=
(
(Hˆ − E)|ψR〉
(Hˆ† − E∗)|ψL〉
)
=
(
0
0
)
(S9)
we see that w(E) can only change if Hˆ has a delocalized left eigenstate (〈ψL|) or right eigenstate (|ψR〉) with eigenvalue
E. However, any one-band NH tight-binding model has a symmetry that relates the localization of left eigenstates
9and right eigenstates. We can write a general one-band Hamiltonian as
Hˆ =
∑
i
∑
r
cˆ†(i+r)h
r
i cˆi (S10)
where and hri is an i-dependent random hopping connecting site i to site (i + r) drawn from a random distribution
Pr independent of i. Then Hˆ
† is given by
Hˆ =
∑
i
∑
r
cˆ†i (h
r
i )
∗cˆ(i+r) (S11)
If we define the mirror symmetry Mˆ by Mˆ cˆiMˆ = cˆ(−i), then
MˆHˆ†Mˆ =
∑
i
∑
r
cˆ†(−i)(h
r
i )
∗cˆ(−i−r) =
∑
i
∑
r
cˆ†(i+r)(h
r
(−i−r))
∗cˆi (S12)
This shows that MˆHˆ†Mˆ is unitarily equivalent to the complex conjugate of a matrix that is drawn from the same
disorder distribution {Pr} as Hˆ. Thus, if |ψR〉 is a right eigenstate of Hˆ with eigenvalue E, then Mˆ |ψ∗R〉 is an
eigenstate of (Hˆ ′)† with eigenvalue E∗, where Hˆ ′ is a Hamiltonian from the same disorder distribution as Hˆ. Since
the localization length is a property of the distribution of Hamiltonians, not the Hamiltonian itself, this shows that Hˆ
has a delocalized right eigenstate with eigenvalue E if and only if it has a delocalized left eigenstate with eigenvalue
E. Therefore, we can simply say that w(E) only changes when Hˆ has a delocalized state at E. For general multiband
models, we cannot eliminate the possibility that the localization lengths of the left and right eigenvectors are not
equal, although this seems unlikely.
